Chi Square Goodness-of-Fit Test
Introduction: Statistical analysis is one of the cornerstones of modern science. For instance, Mendel’s great insights about the behaviors of inherited factors were founded upon his understanding of mathematics and the laws of probability. Today, we still apply those mathematical principles to the analysis of genetic information, as well as to virtually any other kinds of numerical data which might be collected. In this lab investigation, we will be examining one of these applications, the Chi Square (2) Goodness-of-Fit Test.  Collected data rarely conform exactly to prediction, so it is important to determine if the deviation between the expected values (based upon the hypothesis) and the actual results is significant enough to discredit the original hypothesis. This need has led to the development of a variety of statistical devices (such as the chi square test) designed to challenge the collected data. We will be examining this procedure using several simple examples of hypotheses and data collection.

Remember that the purpose of this test is to determine if the actual results are different enough from the predicted results to suggest that the hypothesis is not correct.

A Note about probability: Probabilities are predictions. We make predictions of this kind all the time. For example, “There’s a fifty percent chance that baby will be a boy,” is a probability statement, based on the hypothesis that half of human births produce boys and half produce girls (which is in turn based upon understanding about X and Y chromosomes, and about sperm and eggs). In formal mathematical language, probabilities are expressed as decimals between zero (no chance) and one (certainty). So the prediction above would be expressed as “the probability for a boy is 0.5.” Expressed as a mathematical “sentence,” it would be P(boy)=0.5.

Exercise 1:  Work in groups of four.

1. Each partner should collect a penny from the instructor.

2. The class will discuss the hypothesis which will be tested, and the expected results if that hypothesis is true. Record these numbers on your data sheet in the indicated spaces.

3. Each partner should toss his/her penny 100 times. Record the number of heads and the number of tails. You need not keep track of the order, simply how many of each. Combine the sets of figures for your group, then combine with those generated by the other students in the class.  The total numbers of heads and tails for the class represent our observed results.

4. Carefully follow the calculation of the chi square value for this experiment as demonstrated by the instructor, and the use to which that value is put. (There is also an example included at the end of this handout. ) The purpose of the chi square test is to answer the following question:
	Your observed results were almost certainly not precisely identical to your expected results. Are they different enough to merit questioning our hypothesis—that the pennies are fairly balanced? 


This is a very important question, and is not always easy to answer. In a scientific report, the comparison of collected data and expected results must always be made through the use of a statistical challenge of significance (eg. A statistical test to determine whether there is a significant difference between predicted results and actual results).

Exercise 2: A similar activity will be performed using dice. Your group will be expected to perform this chi-square test more independently.

Exercise 3: These techniques will now be applied to biological data.

1. Consider a mating between two brown gerbils.  Here’s the way this mating would be presented:

	The hypothesis concerning the fur color gene in consideration is that the trait is controlled by a single gene with two different forms (alleles), brown and black, and that the brown allele is dominant to the black allele.

We will use the symbols B for the brown allele and b for the black allele.

Our knowledge of genetics tells us that each gerbil carries two alleles for this gene, so possible allele combinations would be BB (which would be a brown gerbil), bb (which would be a black gerbil, and Bb (which would be a brown gerbil, because of our hypothesis that brown is dominant).  Note also that, according to this hypothesis, we won’t be able to tell whether a brown gerbil is BB or Bb. 

Our mother gerbil is Honey, who is brown.  Honey’s mother and father were brown and black, respectively.  This leads us to predict that Honey’s allele combination is Bb.

Our father gerbil is Ritz, who is also brown, and also had one brown parent and one black parent. This leads us to predict that Ritz’s allele combination is also Bb.

So our mating is:  Bb x Bb

We’d work our little genetics problem (which is our way to arrive at our prediction) like this:
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From this, we predict that among the babies we’d have:

1/4 BB                       .

2/4 Bb     or     3/4 Brown
1/4 bb             1/4 Black
Stated as probabilities:

P(Brown) = .75

P(Black) = .25


2. Your instructor will give you actual data from matings like this one. Referring to the chi square table provided on the data sheet, complete a chi square analysis on these data.  Are the actual results close enough to the predicted results to merit accepting this hypothesis?

3. Consider a second gene, also studied using gerbils like Honey and Ritz.  In this case, the gene is for a fur color pattern called “white spotting,” or “Canada White Spot.”  Wild gerbils have essentially solid brown fur. White spotted gerbils have a pattern of white markings on their otherwise colored fur.  Here’s the hypothesis regarding this gene:

	Again, the hypothesis concerning this gene is that the trait is controlled by a single gene with two different forms (alleles), white spotted and solid (wild type). Preliminary observation suggests that the white spotted allele is the dominant one. The observations that led to this prediction were (1) sometimes white spotted parents produced solid color babies—indicating that solid can be hidden; (2) two solid color parents never produced any white spotted babies, suggesting that white spotting can’t be hidden, and thus can’t be recessive.

We will use the symbols W for the white spotted allele and w for the solid allele.

Our knowledge of genetics tells us that each gerbil carries two alleles for this gene, so possible allele combinations would be WW (which would be a white spotted gerbil), ww (which would be a solid gerbil, and Ww (which would be a white spotted gerbil, because of our hypothesis that white spotted is dominant).  Note also that, according to this hypothesis, we won’t be able to tell whether a white spotted gerbil is WW or Ww. 

Once again, our mother gerbil is Honey, who is white spotted.  Honey’s mother and father were white spotted and solid, respectively.  This leads us to predict that Honey’s allele combination is Ww.

Our father gerbil is Ritz, who is also white spotted, and also had one white spotted parent and one solid parent. This leads us to predict that Ritz’s allele combination is also Ww.

So our mating is:  Ww x Ww
We’d work our little genetics problem (which is our way to arrive at our prediction) like this:
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From this, we predict that among the babies we’d have:

1/4 WW                                .
2/4 Ww     or     3/4 White spotted
1/4 ww             1/4 Solid          .
Stated as probabilities:

P(White spotted) = .75

P(Solid) = .25          .



4. Again, your instructor will give you data from actual matings involving this gene. Perform a Chi-Square Goodness-of-Fit test to determine whether this hypothesis about this gene is supported by the data.
Example: Chi Square Analysis
My hypothesis is that a particular penny is a fair penny.  In other words, that it is not weighted or in any other way designed to favor falling with heads up or to favor falling with tails up.  If this is true of my coin, then my prediction is that the probability of flipping heads (P(H)) is 0.5, and the probability of flipping tails (P(T)) is also 0.5. This means that I am predicting that ½ of the time the coin will come up heads, and ½ of the time it will come up tails.  Therefore, if I flip a coin 300 times, my hypothesis predicts:  

	     Expected:     Heads: 150     Tails: 150     Total: 300


To test this hypothesis, I flip my penny 300 times. Here are the numbers I get:

	     Observed:     Heads: 162     Tails: 138     Total: 300


1. There are several factors which are important in determining the significance between the observed (O) and expected (E) values.

The absolute difference in numbers is important. This is obtained by subtracting the E value from the O value  (O-E).     

	For heads: O-E = 162 - 150 = 12     For tails: O-E = 138 – 150 = -12 


2. To get rid of the plus and minus signs, and for other esoterical statistical reasons, these values are squared, giving us (O-E)2 for each of our data classes.

	For heads: (O-E)2 = 122= 144     For tails (O-E)2 = -122= 144


3. The number of trials is also very important. A particular deviation from perfect means a lot more if there are only a few trials than it would if there were many trials. This is done by dividing our (O-E)2 values by the expected values (which reflect the number of trials), 

	For heads: (O-E)2/E = 144/150 = 0.96*     For tails: (O-E)2/E = 144/150 = 0.96*

	*These values won’t always work out to be the same for all of the categories. In this case they do because we have only two categories of data, and our expectations for the two categories are identical.




4. To calculate the chi square value for our experiment, we add together all of the (O-E)2/E values—one for each of the categories of results, (In this experiment, our categories of results are “heads” and “tails”; for the dice you will be using in class, there would be six categories of results: 1, 2, 3, 4, 5, and 6.)

	Sum of the X2 = .96 + .96 = 1.92


5. Note some important features of this number.  It’s the sum of two numbers derived from fractions.  The absolute difference between expected and observed results are in the numerators of those fractions, so the more you miss, the bigger the chi square number will turn out to be.  The expected values, reflecting the number of trials, are in the denominators of those fractions, and thus the bigger your sample size, the smaller the X2 numbers will turn out to be.
6. All of this information can be laid out in a Xw data table:

	Class (of data)
	Expected
	Observed
	(O – E)
	(O – E)2
	(O – E)2/E

	Heads
	150
	162
	12
	144
	.96

	Tails
	150
	138
	-12
	144
	.96

	Total
	300
	300
	
	
	Sum of X2 = 1.92


NOTE that the greater the deviation of any observed value from its expected value, the larger the X2 value will be, and that the larger the sample size, the smaller the X2 value will be. Thus, in general, the smaller the Sum of the X2 value, the better the fit between our prediction and our actual data.

Now that you have a sum of the X2 value, you must determine how significant that value is. Remember that the question is, are your actual data different enough from your predicted data to cast your hypothesis in doubt? For the next step, you need one additional bit of information: the degrees of freedom (df). Degrees of freedom reflects the numbers of independent and dependent variables in your experiment. To calculate the degrees of freedom, we need to know the number of classes of data. In the case of this example, that number would be two (“heads” and “tails”). If you were doing an exercise with dice, rather than coins, the number of classes of data would be six (the six possible sides of the dice). Degrees of freedom will generally be the number of classes of data minus one. In this case, 2 – 1 = 1 degree of freedom. Again, if we were dealing with dice rather than coins, degrees of freedom would be 6 – 1 = 5. 

Now we have two different numbers—the sum of the X2 and the degrees of freedom—1.96 and 1, respectively, for our coin tossing example. The final step in our process is to refer to a professionally prepared table of the probabilities of X2 values. Such a table is reproduced on the last page of this document. These tables come in a variety of sizes, depending upon how many subdivisions (columns) are present, and how high the degrees of freedom go. This particular table is rather small compared to many available tables. The table lists the degrees of freedom as the headings to the rows. Across the top are probability figures—the “probability of the Chi-Square.” The interior of the table consists of the sum of the X2 values themselves. Remember, the point of the exercise is to decide whether our actual data are far enough away from the numbers which we predicted to justify throwing out our hypothesis.

To Use the Table

1. Find the degrees of freedom for your data (1 in this case) in the left-hand column of the table.

2. Scan across the row of X2 values beside the df number until you find two values which bracket your calculated number (1.96 in this case). This means that one of the figures will be larger, and the other will be smaller. If the table were subdivided into enough columns, you might have found your exact calculated value on the table, but you should easily be able to see why that happens only very rarely. Generally, you have to be satisfied with finding the bracketing numbers. In this case, 1.96 falls between the numbers 0.455 and 2.706. 

3. Look up at the top of the table to see which probabilities correspond to your bracketing X2 values—in this case, 0.50 and 0.10 respectively. If you had found your exact X2 value on this table, its probability would have fallen somewhere between these two. So we could say that 0.10 < P(X2) < 0.50. This mathematical statement means “the probability of our Chi-Square falls between 0.10 and 0.50.”

4. So what does that mean? A probability of 0.10 corresponds to a “chance” of 10%; a probability of 0.50 to a “chance” of 50%. This chi-square result means that, if our hypothesis is correct, and we performed exactly this experiment over and over again, 10% to 50% of the time, our results would be at least this far from what we predicted. Or, the probability that we would get results at least as bad as these, even though our hypothesis is correct is between 0.10 and 0.50. 

5. The usual “level of discrimination” used by investigators is P(X2) = 0.05. Thus, if your chi-square value has a probability of 0.05 or lower, it is very likely (but not certain) that your hypothesis is not correct.

Critical Values of the X2 Distribution

	
	Probability of the Chi-Square [P (X2)]

	df
	0.995
	0.975
	0.9
	0.5
	0.1
	0.05
	0.05
	0.01
	0.005

	1
	0.000
	0.000
	0.016
	0.455
	2.706
	3.841
	5.024
	6.635
	7.879

	2
	0.010
	0.051
	0.211
	1.386
	4.605
	5.991
	7.378
	9.210
	10.597

	3
	0.072
	0.216
	0.584
	2.366
	6.251
	7.815
	9.348
	11.345
	12.838

	4
	0.207
	0.484
	1.064
	3.357
	7.779
	9.488
	11.143
	13.277
	14.860

	5
	0.412
	0.831
	1.610
	4.351
	0.236
	11.070
	12.832
	15.086
	16.750

	6
	0.676
	1.237
	2.402
	5.348
	10.645
	12.592
	14.449
	16.812
	18.548

	7
	0.989
	1.690
	2.833
	6.346
	12.017
	14.067
	16.013
	18.475
	20.278

	8
	1.344
	2.180
	3.490
	7.344
	13.362
	15.507
	17.535
	20.090
	21.955

	9
	1.735
	2.700
	4.168
	8.343
	14.684
	16.919
	19.023
	21.666
	23.589

	10
	2.156
	3.247
	4.865
	9.342
	15.987
	18.307
	20.483
	23.209
	25.188


Chi Square Goodness-of-Fit Test

Data Sheet
Exercise 1: Coins:
Predictions based upon your hypothesis:

	P(H)
	
	#H/________ (Class Prediction)
	

	P(T)
	
	#T/________ (Class Prediction)
	


Data collection:

	Your Tosses
	Your Group
	Class Totals (from board)

	Heads
	Tails
	Heads
	Tails
	Heads
	Tails

	
	
	
	
	
	


Chi-Square Table (Coins):

	Class
	Expected
	Observed
	O – E
	(O – E)2
	(O – E)2/E

	Heads
	
	
	
	
	

	Tails
	
	
	
	
	

	Total
	
	
	
	
	


Degrees of Freedom: ______________    
Probability of the X2: ____________________________________

Conclusion: 

Exercise 2: Dice:
Predictions based upon your hypothesis:

	Class
	Probability
	Expected Number

	One
	
	

	Two
	
	

	Three
	
	

	Four
	
	

	Five
	
	

	Six
	
	


Data Collection: 
	
	Your Rolls
	Group
	Class

	1’s Rolled
	
	
	

	2’s Rolled
	
	
	

	2’s Rolled
	
	
	

	4’s Rolled
	
	
	

	5’s Rolled
	
	
	

	6’s Rolled
	
	
	


Chi Square Table (Dice)

	Class
	Expected
	Observed
	O – E
	(O – E)2
	(O – E)2/E

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	Total
	
	
	
	
	


Degrees of Freedom: ______________    
Probability of the X2: ____________________________________

Conclusion: 

Exercise 3: Gerbils
First Mating:

	
	Predicted
	Actual

	Brown
	
	

	Black
	
	


Chi-Square Table (Gerbils 1):

	Class
	Expected
	Observed
	O – E
	(O – E)2
	(O – E)2/E

	Brown
	
	
	
	
	

	Black
	
	
	
	
	

	Total
	
	
	
	
	


Degrees of Freedom: ______________    
Probability of the X2: ____________________________________

Conclusion: 

Second Mating:

	
	Predicted
	Actual

	White Spotted
	
	

	Solid
	
	


Chi-Square Table (Gerbils 2):

	Class
	Expected
	Observed
	O – E
	(O – E)2
	(O – E)2/E

	White Spotted
	
	
	
	
	

	Solid
	
	
	
	
	

	Total
	
	
	
	
	


Degrees of Freedom: ______________    
Probability of the X2: ____________________________________

Conclusion: 

